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Abstract: An analysis 1s presented of a TGG crystal rod under high power
laser operation. A semianalytical thermal analysis 1s mvestigated to obtamn
the temperature profile and thermal lensing effect in a TGG crystal upon
wmcidence of a high power laser hight. By solving the heat transfer equation
for the TGG crystal and taking the Gaussian beam transverse intensity
profile as the heat source. the optical path difference due to induced thermal
effects was obtained. Moreover. a detailed model for the dependence of
thermal lensing and beam degradation which takes into account up to the
fifth-order spherical aberration i1s presented. Based on this model. it 1s
shown that up to a crtical value of the beam power the degradation of the
beam 1is not significant. The experimental results on thermal lensing and
degradation on beam quality of a high power laser passing through a TGG
crystal rod are i agreement with the main results from our model.
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1. Introduction

While lasers are rapidly gaining acceptance in industrial and malitary markets. the problem of
thermal lensing due to thermal effects 1 laser crystals has been of critical importance and -
vestigated by numerous authors and researchers. [1-5] The high gain typically present in lasers
makes Faraday 1solators an essential component to prevent parasitic lasing between amplifying
stages and external reflections back into their output. The thermal lensing effect of high power
lasers 1s also an 1ssue for optical 1solator crystals especially when the beam 1s focused to a small
area. Terbium gallium gamet (TGG). a commonly used Faraday crystal i the optical isolator
community, shows low optical absorption in the near IR range and several orders of magnitude
lower absorption than typical laser crystals. However, the requirements of small beam diameters
in high power lasers leads to a thermal focal shift 1n the crystal due to the thermal lensing ef-
fect. On the other hand. other thermal effects such as thermal induced birefringence and Verdet
constant temperature dependency would also be problematic in designing high power Fara-
day isolators. Attempts to overcome these issues have been extensively investigated by several
groups and researchers. [6-9]

Heat generated within the TGG crystal leads to spatial variation of temperature and conse-
quently results in a nonuniform phase difference of the beam traveling inside the crystal This
raises the problem of highly aberrated mediums in which the paraxial approach fails. In the
case of aberration we may encounter the degradation in beam quality. [10] It 1s thus important
to know how thermal effects will degrade the beam quality of TGG crystals in optical 1solators
for high power applications.

In this paper, we address the thermal lensing in edge-air-cooled TGG rod crystals and obtain
thermal focal length 1n the crystal. In addition. we studied the degradation of a Gaussian beam
passing through TGG crystals with fifth order thermal lens aberration due to thermal effects on
the crystal. We derive an analytical formulation for the beam degradation based on the beam
quality factor. “M-squared” method. the most mathematically nigorous and accepted method to
charactenize an arbitrary laser beam. [10-13]

2. Theoretical background

A schematic diagram of thermal analysis of a TGG crystal incident by a high power laser up
to 310 W 1s shown in Fig. 1. The radius and the length of the crystal are represented as & and
L. respectively. The crystal 15 coated on 1ts end faces and reflectivity of incident light 15 less
than 0.5%. The sides of the crystal are attached to a heat-sink and air cooled. A laser light of
Gaussian profile with a wavelength of 1064 nm 1s incident on the center of the crystal rod. The
light travels inside the crystal and deposits its energy into the crystal. A suitable beam size is
chosen so that the Rayleigh range of the beam 1s much greater than the crystal length.

The laser hight passes through an optical system consisting of a fiber fermule and a collimanng
lens which focuses the beam waist on the axis of the crystal Assuming the crystal rod end
faces are located at z = 0 and at z = L. the light mtensity 15 expressed by a Gaussian profile,
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Fig. 1. Schematic diagram of the experimental setup for M~ measurement

I{r;z) =hexp( —2r [ w? (z))exp(—oz), where I 1s the intensity of light at origin (where light
enters to the center of the crystal). The 1_,.-’32 radius of Gaussian beam is shown by @. In terms
of Rayleigh range, zz = J'Ir.uﬂz_f A, 1t 1s expressed as

3
mgizjzﬂﬁ(1+:—1). (1)
“R

where @y and A are the minimum spot size and the wavelength of the incident light, respec-
tively. As light travels inside the crystal medium. its energy 15 absorbed by the medium and
according to the absorption law the light intensity weakens exponentially through absorption
coefficient «r. The temperature difference 1s given by the solution for the steady state heat
equation in cylindrical geometry and it is represented as the expansion of the radial and axial
eigenstates with azimuthal symmetry.

T(nz) = Y Auh(ver/a) sin(Az+5), (2)

.l

where Vv, the eigenvalues of radial equation. is the n-th zero of Bessel function of order zero
Jo(var/a). A; and fB; are eigenvalues of axial equation. In obtaming Eq. (2) we assumed zero
temperature on TGG rod surface and adiabatic boundary condition on two crystal ends. Zero
temperature on the surface of the crystal rod indicates that we are calculating the rise in tem-
perature relatrve to 1ts value on the surface. The coefficients of expansion 4, ; contain material
and beam parameters and are obtamed by integrals over the spatial distribution of heat gen-
erated by the incident light [1, 5] The temperature profile represented in Eq. (2) for a TGG
crystal rod 1s a general solution of the heat equation and is not limited to a Gaussian profile of
the imcident light. One can replace the incident Gaussian beam with an arbitrary beam intensity
profile and solve for coefficients of expansion 4, ;.

3. Thermal focal length modeling

A laser source from SPI Lasers redPOWER with maximum power of 400 W at wavelength
1064 nm 15 used to mecident the light onto a TGG crystal. The beam spot diameter 1s 1.3 mm
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and the diameter and length of the crystal are 4.3 mm and 20 mm_ respectively. This crystal 15
commercially available and gives 45 degrees Faraday rotation in an external magnetic field of
1 Tesla. The temperaiure profile 1s obtained by Eq. (2). We take 500 eigenfunction components
in the thermal expansion function Eq. (2) for the numerical calculations. The convergence of
the solution 15 satisfactory for # > 20 and / > 15. The maximum temperature rise m the TGG
crystal at 300 W laser power 15 4.0°C taking into account the constant beam waist throughout
the TGG crystal (Rayleigh range 15 much greater than the length of the crystal).

Inhomogeneous temperature distribution inside the crystal results in optical path changes of
propagation of light through the crystal. The most dominant effect is the change in the index of
refraction due to temperature variation. There are also thermally induced strain and expansion
effects which contribute to the thermal lensing effects. However, their contribution is smaller
than dn/dT and they are usually ignored. [14] Once we obtamn the thermal distribution, the
phase difference (Ag) distribution. ignoring the strain and thenmal expansion effects, 15 then
given by

L dn
An(ri=k : ET{r,z}dz, (3)

where k = 2m /A 1s the wavevector of the incident hght. The crystal refraction index gradient
with temperature is shown by dn/dT. We assumed negligible vanation of dn/dT with tem-
perature throughout this work. Traditionally the phase distortion of an ideal lens with parabolic
feature 1s fitted to the thermally induced phase difference and equivalent focal length was cal-
culated m this manner [2.3].

However. according to Eq. (2). the actual thermally induced phase distortion 15 more complex
and has a complicated radial dependency. The phase difference can be obtained by integrating
the thermal distribution over the crystal length, Eq. (3). The resultant phase difference 1s shown
in Fig. 2. We also show the ideal lens phase difference obtained by fitting a quadratic function
to the actual thermally induced phase difference. Quadratic function expansion of the phase
difference rapidly deviates from the actual phase profile and only has a good agreement up to
35% of the beam radius while the agreement of a sextic expansion goes over 75%.

To obtain the focal length of the TGG crystal, we have made use of the diffraction theory
of aberration. utilizing Strehl ratio to find the equivalent focal length of maximum normalized
mtensity. The Strehl ratio for a Gaussian beam 1s given by [15, 16]

fﬁa gitA (r)—4p(0) }bi:'."'lfrg—rz_-"tﬂé L 2
I '- (4)

e

‘ Io e/ pdly

where /7 is the thermally induced focal length taking into account the parabolic behavior of
phase distortion in an 1deal lens geometry. By maximizing the Strehl ratio for the present ge-
ometry we obtamned 592 mm thermally induced focal length at 300 W laser power.

In order to obtain the beam degradation we need to take into account the higher order phase
aberration i addition to the spherical quadratic behavior of an ideal lens. By inserting Eq. (2)
into Eq. (3). the phase difference obtained as

d| i
Ab(r) = KL dwolo(Var/a). (5)

4. Effects of thermal lensing on beam qguality

In order to obtain the beam quality factor we use the concept of M” parameter, which compares
the measured laser beam profile with an 1deal unaberrated Gaussian beam profile. This method
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Fig 2 An ideal lens (dashed line) and a sextic phase aberration (thin line) are fitted to the
actual thermal induced phase difference (thick line). The vertical line at (.65 mm represents
a puide line for laser beam radius

starts with evaluation of second moment of the beam intensity profile across transverse direc-
tion of the beam. This method parameterizes the beam in terms of statistical measurements of
mtensity distribution and its spatial frequency Fourier transform. The beam waist and far field
divergence of the beam are then defined in terms of the standard deviations of these statisti-
cal distributions in space and spatial frequency. respectively. [13. 17] Based on the statistical
parameters. the beam quality factor. M~ defined as

M= %J(HTEBE—SZL (6)

where 7T and © are the statistical definition for width and divergence of the beam. 5 15 propor-
tional to the mnverse of the effective radius of curvature of the beam. A detailed description of
the statistical definition of beam parameters is given in references [11.13.17].

To analyze and characterize the thermally induced aberrated laser beam. we make use of
Zermike polynomials. Zernike polynomuials are a set of orthonormal polynomials defined on a
unit circle which have been used to describe the aberrations of optical systems. The advantage
of using Zernike polynomials 15 that 1t takes into account all possible aberrations in a laser beam
and gives analytical relations for an arbitrary degree of aberrations. In this paper. we express
the phase of laser beams in terms of Zemike polynomials. Mathematically, we just change
the phase expression from one orthonormal basis to the other. This transformation 1s possible
because of the orthonormalization properties of the Zemnike polynomials set. We chose those
Zermike polynomials and labeling that are given by Noll. [18] The first few terms of Zemike
functions expressed in polar coordinate, are listed in table 1.

The phase of the electric field of the laser beam. Eq. (5). 1s represented in terms of optical
path difference between the thermally induced aberrated wave front beam and an ideal reference
(unaberrated) beam. This phase 1s expanded in terms of Zemike polynomuals. Z,(r. 8}

N

Ad(r) = ETH Y, Caz,{r,8); (M
n=1

where C, s are the coefficient of expansion. According to the azimuthal symmetry of the phase
function, €], Cy, C;;. and Cyy are the only non zero coefficients in the expansion, if we consider
up to fifth-order spherical aberration. The changing of the basis from radial eigenfunctions
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Table 1. Noll representation of Zernike polynomials [18]

Aberration Zemike Polynomial

Piston Lre)=1

Talt Za(r,8) = 2rcos6
Z3(r0) = Irsind

Defocus Za(r8) =3 (27 —1)
3rd order spherical  Zyy(r, 8) 5{l:3r4—6i"2 1)

5th order spherical  Zm(r.8) = /7 (20,° —307* + 122 —1)

of the heat equation to the Zemnike eigenfunctions and considering up to fifth-order spherical
aberration is equivalent to a sexfic phase equation of the thermal lens induced phase distortion.
The sextic phase equation for the phase expression 1s given by

Ap(r) = ETH(bzrz+b4r4+fﬂﬁf'ﬁ).~ (8)

where quadratic b>_ quartic by, and sextic bg aberration coefficients are given in terms of Zernike
expansion coefficients.

by = 23303 —6V50 +12V70n,
by = 6VSCi —30V7Ch, (9)
bg = Eﬂ\ﬁﬂzg.

The constant term with respect to radial coordinate 7 has been dropped from the phase expres-
sion since it has no effect on the beam degradation. Laser hght degradation of a Gaussian beam
due to quartic phase aberration in a standard spherical lens 1s given in Ref [10]. In this study,
we consider the effect of sextic phase equation for aberration to the thermal lens induced phase
distortion.

Bowver (W)

Fig. 3. Degradation in beam quality factor. A2, as a function of input laser power for a
TGG rod crystal. The theoretical curve was calculated from Eq. (10)

The degradation in a Gaussian beam quality, after propagating through the crystal rod with
fifth-order spherical aberration is given by

M=/ + (AME), (10)
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where M’g 15 the mitial beam quality before crystal rod. which we assumed a Gaussian beam.
For any other arbitrary beam the initial beam quality M’% 15 not equal one and it depends on
the imitial beam intensity profile. After lengthy algebra the results of calculus of moments and
its Fourner transforms of the parameters in Eq. (6) prowvide Al i!:' By ignonng the lugher order
terms in Cho, we obtain Mgb as

(AM)’ =14405 [(cfl —2v/35C11Cn ) 7 4 6v/35C1Cn wio] (11)

We have made use of ISO11146 method to measure the beam quality after the TGG crystal

i an expenmental setup depicted 1n Fig. 1. This method 15 based on nmltipoint beam waist

fitting procedure which involves recording of the beam waist at different positions along the

beam propagation path. [19] The beam waist of any arbitrary laser beam evolves quadratically

with distance along the axes of propagation. Therefore, We can obtain the beam waist profile
by fithing a quadratic polynonual to the expennmental beam waist data

w’(z) = CZ4Bz+4, (12)

with the angular spread defined as 6 = /C. the minimum beam spot size as /4 — B2 /4C, and
the position of the beam spot as —B/2C. Having the beam waist profile. one can get the beam
quality factor from M~ = w8 /A . The experimental error for M~ is less than 4%.

The calculation of M~ versus laser power through the TGG crystal has been done with the
help of an in-house coding in Mathematica environment. The result 1s shown in Fig. 3 along
with experimental measurement. For 300 W beam power. the beam quality factor increases
from 1 to 1.4 or produces beam degradation &be from zero to 1. For TGG crystal with very low
absorption (0.0015 em—!) and laser power up to 300 W, the fifth order aberration effects remain
small and slightly degrades the beam quality, However. beam quality deteriorates rapidly with
increasing power. At 500 W, M? approaches 2 and grows exponentially with power. In addition
to laser beam power and beam size. the crystal size, crystal absorption and thermal conductivity
also have an effect on M2. At the Gaussian beam waist of 1.3 mm diameter, M? of a TGG crystal
rod with 4.3 mm diameter and 20 mm length vanies exponentially with power accordmg to the
following fitting function to the theoretical curve, M” = exp(P/ 840).

5. Conclusion

An analytical expression for the beam quality factor. M~ of a high power laser beam mcident on
an edge-air-cooled TGG rod crystal has been derived This analysis can also be applied to the
other optical crystals incident by high power lasers. This study gives an idea for the diffraction
limut of the beam quality in design of a high power optical 1solator taking mto account the beam
degradation. A high power laser beam diverges more rapidly with distance than the onginal
beam before TGG crystal as M~ grows with the laser power. Several quantities, from both
optical crystal parameters and beam parameters. were found to have direct effects on beam
quality. A simple relation of M7 versus laser power was found for the specific situation of this
study. This analysis can easily be extended for any other optical systems showing thermally
aberrated effects imwolving, for example, a top-hat intensity profile of incident hight In this
case, the initial beam quality M’g 15 no longer equal to 1 and its effect on thermal profile and
beam quality can be calculated from Eqs. (2) through (6).
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